In this paper, we study two Hilfer fractional derivatives of the form 
Introduction
In particular, fractional Langevin differential equations have been one of the important subject in physics, chemistry and electrical engineering. The Langevin equation (first formulated by Langevin in 1908 ) is found to be an effective tool to describe the evolution of physical phenomena in fluctuating environments [11] . For instance, Brownian motion is well described by the Langevin equation when the random fluctuation force is assumed to be white noise. In case the random fluctuation force is not white noise, the motion of the particle is described by the generalized Langevin The stability problem of functional equations (of group homomorphisms) was raised by Ulam in 1940 in a talk given at Wisconsin University [15] began to be stimulated to investigate the stability problems of differential equations [1, 10, 12, 16, 17] .
The paper is organised as follows. In Section 2, we give some basic definitions and results concerning with the Hilfer fractional derivative. In Section 3, we present our main result by using Krasnoselskii's fixed point theorem. In Section 4, here four kinds of Ulam type stability is discussed.
Preliminaries
In this section, we recall some definitions and results from fractional calculus. The following observations are taken from [4, 9, 18] . We denote the space C γ [a, b] as follows
Banach space with norm
. In order to solve our problem, the following spaces are presented
and
and it follows that
Definition 2.1. The Riemann fractional integral of order α ∈ R, (α > 0) of a function f is defined by,
where
where n = [ (α)] + 1.
Definition 2.4. The Hilfer fractional derivative of order 0 < α < 1 and 0
The Hilfer fractional derivative is used as an interpolator between the Riemann-Liouville and Caputo derivative.
Remark 2.5. (a)
Operator D α,β also can be written as
Lemma 2.6. Suppose α > 0, a(t) is a nonnegative function locally integrable on a ≤ t < b (some b ≤ ∞), and let g(t) be a nonnegative, nondecreasing continuous function defined on a ≤ t < b, such that g(t) ≤ K for some constant K. Further let x(t) be a nonnegative locally integrable on a ≤ t < b function with
Theorem 2.7. (Krasnoselskii's fixed point theorem) Let X be a Banach space, let Ω be a bounded closed convex subset of X and let T 1 , T 2 be mapping from Ω into X such that T 1 x + T 2 y, ∈ Ω for every pair x, y ∈ Ω. If T 1 is contraction and T 2 is completely continuous, then the equation T 1 x + T 2 x = x has a solution on Ω.
Existence and uniqueness results
Lemma 3.
is equivalent to the integral equation
is the only solution of the following problem
In this section, we study the existence and uniqueness of solutions for Eq.(0.1)-(0.2). To treat this system, we introduce the following hypotheses.
(H1) Let f : J × R → R be continuous. For x, y ∈ R, there exists a positive constant L > 0 such that
(H3) Suppose that there exists λ ϕ > 0 such that 2) has at least one solution in
Proof. Consider the operator N :
, it is well defined and given by
Set f (s) = f (s, 0) and
Now we subdivide the operator N into two operator A and B on B r as follows
The proof is divided into several steps.
Step.1 Ax + By ∈ B r for every x, y ∈ B r .
(Ax)(t)(t − a)
This gives
Thus we obtain
Linking (3.4) and (3.5), for every x, y ∈ B r ,
Step.2 A is a contration mapping.
For any x, y ∈ B r ((Ax)(t) − (Ay)(t))(t − a)
Step.3 The operator B is compact and continuous.
According to
Step 1, we know that
So operator B is uniformly bounded.
Now we prove the compactness of operator B.
For 0 < t 1 < t 2 < T, we have
tending to zero as t 1 → t 2 . Thus B is equicontinuous. Hence, the operator B is compact on B r by the Arzela-Ascoli Theorem. It follows Krasnoselskii fixed point theorem that the problem (3.1) has at least one solution. Let x, y ∈ C 1−γ [a, b] and for t ∈ J, we have
Stability results
Next, we shall give the definitions and the criteria of Ulam-Hyers stability and Ulam-Hyers-Rassias stability for fractional langevin differential Eq.(3.1). Let > 0 be a positive real number and ϕ : J → R + be a continuous function. We consider the following inequalities (3.1) with 
if and only if there exist a function g
One can have similar remarks for the inequalities (4.2) and (4.3).
integral inequality
.
Indeed, by Remark 4.6 we have that
Thus,
We have similar remarks for the inequality (4.2) and (4.3). Now, we give the main results, generalized Ulam-Hyers-Rassias stable results. Then we have
By differentiating inequality (4.3), we have
